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BOUNDARY OPERATORS ASSOCIATED TO THE
SIXTH-ORDER GJMS OPERATOR
JEFFREY S. CASE AND WEIYU LUO
Abstract. We describe a set of conformally covariant boundary operators
associated to the sixth-order GJMS operator on a conformally invariant class
of manifolds which includes compactifications of Poincare´–Einstein manifolds.
This yields a conformally covariant energy functional for the sixth-order GJMS
operator on such manifolds. Our boundary operators also provide a new real-
ization of the fractional GJMS operators of order one, three, and five as gen-
eralized Dirichlet-to-Neumann operators. This allows us to prove some sharp
Sobolev trace inequalities involving the interior W 3,2-seminorm, including an
analogue of the Lebedev–Milin inequality on six-dimensional manifolds.
1. Introduction
The GJMS operators [24] are conformally covariant differential operators with
leading-order term an integer power of the Laplacian. These operators play a
key role in many questions at the intersection of geometry and analysis. As one
example, the GJMS operator of order two — more commonly known as the confor-
mal Laplacian — controls the behavior of the scalar curvature within a conformal
class and as such plays an important role in the resolution of the Yamabe Prob-
lem (see [32] and references therein). As another example, the Sobolev embedding
W k,2(Rn) →֒ L
2n
n−2k (Rn) can be seen as a consequence of the sharp Sobolev in-
equality
(1.1)
∫
Rn
w (−∆)kw ≥ Cn,k
(∫
Rn
|w|
2n
n−2k
)n−2k
n
for all w ∈ W k,2(Rn), where Cn,k is an explicit constant and (−∆)
k is the GJMS
operator of order 2k on flat Euclidean space. By conformal covariance, one can
use stereographic projection to write (1.1) as an equivalent inequality on the round
n-sphere (cf. [5]).
In order to study a GJMS operator and its related scalar invariants on a mani-
fold with boundary, one should first find conformally covariant boundary operators
which are suitably adapted to the GJMS operator in question. For the case of
the conformal Laplacian, Cherrier [14] and Escobar [15] showed that the trace (or
restriction) operator and the conformal Robin operator serve as the appropriate
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boundary operators. In particular, Escobar proved the sharp Sobolev trace in-
equality
(1.2)
∫
R
n+1
+
w (−∆)w +
∮
Rn
w (−∂yw) ≥ Dn,k
(∮
Rn
|w|
2n
n−1
) 2n
n−1
for all w ∈W 1,2(Rn+1+ ), where Dn,k is an explicit constant and −∂y is the conformal
Robin operator on flat Euclidean upper half space Rn+1+ . The zeroth-order term
of the conformal Robin operator is the mean curvature of the boundary, leading
these operators to play an important role in the resolution of the boundary Yamabe
problem (see, for example, [16, 17]).
The conformal Laplace operator L2 and conformal Robin operator B
1
1 natu-
rally give rise to a conformally covariant Dirichlet-to-Neumann operator B11 on the
boundary of a Riemannian manifold for which kerL2 ∩ kerB
1
1 = {0}. The op-
erator B11 recovers (−∆)
1/2 in Euclidean space. On boundaries of asymptotically
hyperbolic manifolds, there is another formally self-adjoint, conformally covariant
pseudodifferential operator with leading term (−∆)1/2, namely the fractional GJMS
operator P1 of order 1; see [26]. It turns out that B
1
1 = P1, provided the latter is
defined in terms of the Loewner–Nirenberg metric [28].
The purpose of this article is to identify the boundary operators associated to
the sixth-order GJMS operator and use them both to prove sharp Sobolev trace
inequalites involving theW 3,2-seminorm and give a new realization of the fractional
GJMS operators of order 1, 3, and 5. This work is motivated by recent develop-
ments in three directions. First, boundary operators for the fourth-order GJMS
operator — more commonly known as the Paneitz operator — and their relations
to sharp Sobolev trace inequalities and fractional GJMS operators are now well un-
derstood [1, 9, 11, 21, 27, 38]. Second, this understanding of the Paneitz operator
and its corresponding boundary operators is yielding new insights into the Yamabe-
type problem for the fractional third-order Q-curvature [10]. Third, an algorithmic
approach to constructing boundary operators for the higher-order GJMS operators
via tractor calculus has recently been established [8, 21]. Relative to this latter
work, the benefits of our approach are (i) that it directly yields local formulas for
the boundary operators which are valid in all settings where the sixth-order GJMS
operator is defined and (ii) that the generalized Dirichlet-to-Neumann operators
constructed by our method are automatically formally self-adjoint. Unfortunately,
unlike the tractor approach [8, 21], it does not seem practical to extend our method
to GJMS operators of arbitrarily high order.
To describe our results, recall that the sixth-order GJMS operator of (Xn+1, g),
n ≥ 5, is given by
(1.3) L6 := −∆
3 +∆δ ((n− 1)Jg − 8P ) d+ δ ((n− 1)Jg − 8P )d∆
−
n− 1
2
∆ (J∆)− δT4d+
n− 5
2
Q6,
where P is the Schouten tensor, J is its trace, B is the Bach tensor,
(1.4) T4 :=
(
−(n− 5)∆J +
3n2 − 6n− 13
4
J2 − 4(n− 3)|P |2
)
g
− 8(n− 1)JP + 48
(
P 2 +
1
3(n− 3)
B
)
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for P 2 the square of P as an endomorphism, and Q6 is the sixth-order Q-curvature
Q6 := −∆
2J −
n− 5
2
J∆J −
n+ 3
2
∆J2 + 4∆|P |2 + 8δ (P (∇J))
+
(n− 1)(n+ 3)
4
J3 − 4(n+ 1)J |P |2 + 16
(
trP 3 +
1
n− 3
〈B,P 〉
)
.
We emphasize that (1.3) defines L6 as an operator, so that the right-hand side
consists of sums of compositions of operators. See Section 2 for a more detailed
explanation of our notation. The conformal covariance of L6 was proven indepen-
dently by Branson [6] and Wu¨nsch [41], though this can also be deduced via Juhl’s
recursive formula [30] for the GJMS operators. In fact, L6 is well-defined so long
as dimX is odd or g is either locally conformally flat or Einstein. However, not ev-
ery four-dimensional manifold admits a sixth-order conformally covariant operator
with leading-order term (−∆)3; see [23].
It is clear from (1.3) that L6 is a sixth-order operator which is formally self-
adjoint in the interior of X . We thus expect there to be a set of six operators
B5j , 0 ≤ j ≤ 5, of total and normal order j which give rise to formally self-adjoint
boundary problems for L6. The following theorem in fact gives a stronger statement
about the boundary operators.
Theorem 1.1. Let (Xn+1, g), n ≥ 5, be a compactification of a Poincare´–Einstein
manifold (Xn+10 ,M
n, g+). There exist explicit operators B
5
j : C
∞(X)→ C∞(M),
B50(u) = u|M ,
B51(u) = ηu+ l.o.t.,
B52(u) = ∆u−
4
3
∆u|M + l.o.t.,
B53(u) = η∆u− 4∆ηu+ l.o.t.,
B54(u) = −∆
2
− 4∆(∆u)|M + 8∆
2
u|M + l.o.t.,
B55(u) = η∆
2u+
4
3
∆η∆u+
8
3
∆
2
ηu + l.o.t.,
where η denotes the outward-pointing normal vector field along the boundary, ∆
denotes the Laplacian defined in terms of the induced metric g := g|TM on the
boundary, and “ l.o.t.” in B5j denotes terms of order at most j − 1 in u, such that
(1) the operator B5j is conformally covariant of bidegree
(
−n−52 ,−
n+2j−5
2
)
; i.e.
B̂5j (u) = e
−n+2j−5
2
σB5j
(
e
n−5
2
σu
)
for all u, σ ∈ C∞(X), where B̂5j is defined with respect to ĝ := e
2σg; and
(2) the bilinear form Q6 : C
∞(X)× C∞(X)→ R,
Q6(u, v) :=
∫
X
uL6v dvolg +
2∑
j=0
∮
M
B5j (u)B
5
5−j(v) dvolg,
is symmetric.
In fact, we prove a stronger version of Theorem 1.1 which requires only that L6
is defined and that the boundary satisfy certain conformally invariant assumptions
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involving only the extrinsic geometry of the boundary ∂X ; see Section 3 for this
version and explicit formulae for the operators B5j .
By definition, (L6;B) is formally self-adjoint if
∫
uL6v =
∫
vL6u for all u, v ∈
kerB, where B is a 3-tuple of boundary operators. It follows from Theorem 1.1
that each of the eight possible 3-tuples B formed by choosing an operator from
each of {B50 , B
5
5}, {B
5
1 , B
5
4}, and {B
5
2 , B
5
3} is such that (L6;B) is formally self-
adjoint. The operators constructed by Gover and Peterson [21], which are defined
whenever L6 is defined and under no assumptions on the geometry of the boundary,
also have the property that such triples (L6;B) are formally self-adjoint, though
it is not yet known whether the corresponding bilinear form Q6 is symmetric.
Similar operators constructed earlier by Branson and Gover [8] are such that the
corresponding bilinear form Q6 is symmetric, but their construction does not work
in the critical dimension n = 5.
One reason to desire the symmetry of Q6, rather than just the formal self-
adjointness of (L6;B), is that it implies the formal self-adjointness of the general-
ized Dirichlet-to-Neumann operators associated to L6 and its boundary operators
from Theorem 1.1. As we show in Proposition 3.6 below, under the (conformally
invariant) assumption that
kerL6 ∩ kerB
5
0 ∩ kerB
5
1 ∩ kerB
5
2 = {0},
for any triple (f, φ, ψ) ∈
(
C∞(M)
)3
, there is a unique solution uf,φ,ψ ∈ C
∞(X) of
(1.5)

L6(u) = 0, in X,
B50(u) = f, on M,
B51(u) = φ, on M,
B52(u) = ψ, on M.
In particular, the generalized Dirichlet-to-Neumann operators B55(f) := B
5
5(uf,0,0),
B53(φ) := B
5
4(u0,φ,0), and B
5
1(ψ) := B
5
3(u0,0,ψ) are well-defined, and the symmetry of
Q6 implies that these operators are formally self-adjoint. Indeed, B
5
j , j ∈ {1, 3, 5},
is also conformally covariant with leading order term a multiple of (−∆)j/2; see
Proposition 3.6.
The operators B5j constructed above have the same properties as the fractional
GJMS operators Pj constructed by Graham and Zworski [26], leading one to won-
der how these operators are related. When (Xn+1, g) is a compactification of a
Poincare´–Einstein manifold, it turns out that B5j and Pj are proportional. Indeed,
even more is true:
Theorem 1.2. Let (Xn+1, g) be a compactification of a Poincare´–Einstein mani-
fold (Xn+10 ,M
n, g+) such that
n2
4 − γ
2 6∈ σpp(−∆g+) for γ ∈ {1/2, 3/2, 5/2}. Sup-
pose additionally that u ∈ C∞(X) is such that L6u = 0. Then
B55(u) =
8
3
P5
(
B50(u)
)
,
B54(u) = 8P3
(
B51(u)
)
,
B53(u) = 3P1
(
B52(u)
)
,
where B5j , 0 ≤ j ≤ 5, are the boundary operators of Theorem 1.1 and P2γ are the
fractional GJMS operators of order 2γ.
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In other words, for compactifications of Poincare´–Einstein manifolds, it holds
that B55(uf,0,0) = B
5
5(uf,φ,ψ) for all f, φ, ψ ∈ C
∞(M). The proof of Theorem 1.2
uses heavily the fact that the GJMS operators factor at Einstein metrics [18, 20].
We do not know if the Poincare´–Einstein assumption can be relaxed. Note also
that requiring u ∈ kerB51 ∩ kerB
5
2 in Theorem 1.2 yields a curved analogue of the
higher-order Caffarelli–Silvestre-type extension theorem of R. Yang [13].
Another reason to desire the symmetry of Q6 in Theorem 1.1 is that it gives
rise to variational characterizations of solutions of L6u = v with various boundary
conditions. For example, a function u ∈ C∞(X) is a solution of (1.5) if and only if
it is a critical point of the functional
u 7→ E6(u) := Q6(u, u)
when constrained to the set
(1.6) Cf,φ,ψ :=
{
u ∈ C∞(M)
∣∣ B50(u) = f,B51(u) = φ,B52(u) = ψ} .
Under an additional spectral assumption on the Laplacian of the Poincare´–Einstein
metric g+, one can in fact minimize the functional E6 in Cf,φ,ψ.
Theorem 1.3. Let (Xn+1, g) be a compactification of a Poincare´–Einstein mani-
fold (Xn+10 ,M
n, g+) such that λ1(−∆g+) >
n2−1
4 . Given any f, φ, ψ ∈ C
∞(M), it
holds that
(1.7) E6(u) ≥
∮
M
(
8
3
f P5f + 8φP3φ+ 3ψ P1ψ
)
dvolg|TM
for all u ∈ Cf,φ,ψ. Moreover, equality holds in (1.7) if and only if u is the unique
solution of (1.5).
Note that the spectral assumption of Thoerem 1.3 holds automatically when the
conformal boundary has nonnegative Yamabe constant [31].
In Section 5, we prove a more general version of Theorem 1.3 which only requires
conformally invariant assumptions on the spectrum of L6 and the extrinsic geometry
of the boundary ∂X .
Theorem 1.3 gives a sharp norm inequality for the well-known embedding
(1.8) Tr : W 3,2(X) →֒W 5/2,2(∂X)⊕W 3/2,2(∂X)⊕W 1/2,2(∂X)
as well as an explicit right inverse. By combining (1.8) with the Sobolev embedding
W k,2(Mn) →֒ L
2n
n−2k (Mn), n > 2k, one obtains the embedding
(1.9) W 3,2(Xn+1) →֒ L
2n
n−5 (∂X)⊕ L
2n
n−3 (∂X)⊕ L
2n
n−1 (∂X).
One can deduce a sharp norm inequality for the embedding (1.9) from Theorem 1.3
and a sharp norm inequality for the embedding W k,2(Mn) →֒ L
2n
n−2k (Mn). Three
particular cases of interest are upper half space, a closed Euclidean ball, and a
round hemisphere.
Corollary 1.4. Let Rn+1+ denote the (closed) upper half space
R
n+1
+ = {(x, y) ∈ R
n × [0,∞)}
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equipped with the Euclidean metric. For all u ∈ C∞(Rn+1+ ) ∩W
3,2(Rn+1+ ), it holds
that
8
3
Cn,5/2‖f‖
2
2n
n−5
+ 8Cn,3/2‖φ‖
2
2n
n−3
+ 3Cn,1/2‖ψ‖
2
2n
n−1
≤
∫
R
n+1
+
|∇∆u|2 +
∮
∂Rn+1
+
{
8〈∇ψ,∇φ〉 +
16
3
(∆φ)(∆f)
}
,
where the Lp-norms on the left-hand side are taken with respect to the Lebesgue
measure on Rn = ∂Rn+1+ ,
f(x) = u(x, 0),
φ(x) = −
∂u
∂y
(x, 0),
ψ(x) =
∂2u
∂y2
(x, 0)−
1
3
∆u(x, 0)
for all x ∈ Rn, and
(1.10) Cn,γ =
Γ
(
n+2γ
2
)
Γ
(
n−2γ
2
) Vol(Sn) 2γn .
Moreover, equality holds if and only if ∆3u = 0 and there are points x1, x2, x3 ∈ R
n,
constants a1, a2, a3 ∈ R, and positive constants ε1, ε2, ε3 ∈ R such that
f(x) = a1
(
ε1 + |x− x1|
2
)−n−5
2 ,
φ(x) = a2
(
ε2 + |x− x2|
2
)−n−3
2 ,
ψ(x) = a3
(
ε3 + |x− x3|
2
)−n−1
2
(1.11)
for all x ∈ Rn.
Corollary 1.5. Let Bn+1 ⊂ Rn+1 denote the closed unit ball
Bn+1 =
{
x ∈ Rn+1
∣∣ |x|2 ≤ 1}
equipped with the Euclidean metric. For all u ∈ C∞(Bn+1), it holds that
8
3
Cn,5/2‖f‖
2
2n
n−5
+ 8Cn,3/2‖φ‖
2
2n
n−3
+ 3Cn,1/2‖ψ‖
2
2n
n−1
≤
∫
Bn+1
|∇∆u|2 +
∮
∂Bn+1
{
n− 9
2
ψ2 + 8〈∇ψ,∇φ〉+ 2(n2 − 9)ψφ
−
4(n− 3)
3
〈∇ψ,∇f〉 −
(n− 3)(n− 5)(n+ 3)
3
fψ + 8(n− 3)φ2
+
16
3
(∆φ)(∆f) +
8(n2 − 4n− 3)
3
〈∇φ,∇f〉
+
(n− 5)(n− 3)2(n+ 3)
3
φf +
8(n+ 3)
9
(∆f)2
+
4(n3 + n2 − 21n− 9)
9
|∇f |2 +
(n− 5)(n− 3)(n+ 3)(n2 + 4n− 9)
18
f2
}
,
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where
f = u|∂Bn+1,
φ =
∂u
∂r
∣∣∣∣
r=1
+
n− 5
2
f,
ψ =
∂2u
∂r2
∣∣∣∣
r=1
+ (n− 4)φ−
1
3
∆f −
(n− 5)(n− 6)
6
f
for r the distance to 0 ∈ Bn+1. Moreover, equality holds if and only if ∆3u = 0
and there are constants a1, a2, a3 ∈ R and points x1, x2, x3 ∈ Int(B
n+1) such that
f(x) = a1 (1 + x · x1)
−n−5
2 ,
φ(x) = a2 (1 + x · x2)
−n−3
2 ,
ψ(x) = a3 (1 + x · x3)
−n−1
2
(1.12)
for all x ∈ ∂Bn+1.
Corollary 1.6. Let Sn+1+ denote the closed upper hemisphere
Sn+1+ =
{
x = (x0, . . . , xn+1) ∈ R
n+2
∣∣ |x| = 1, xn+1 ≥ 0}
equipped with the round metric induced by the Euclidean metric on Rn+2. For all
u ∈ C∞(Sn+1+ ), it holds that
8
3
Cn,5/2‖f‖
2
2n
n−5
+ 8Cn,3/2‖φ‖
2
2n
n−3
+ 3Cn,1/2‖ψ‖
2
2n
n−1
≤
∫
Sn+1
+
{
|∇∆u|2 +
3n2 − 35
4
(∆u)2 +
3n4 − 70n2 + 259
16
|∇u|2 +
Γ
(
n+7
2
)
Γ
(
n−5
2
)u2}
+
∮
∂Sn+1
+
{
8〈∇ψ,∇φ〉+
3n2 − 8n+ 13
2
ψφ+
16
3
(∆f)(∆φ)
+
2(5n2 − 8n− 37)
3
〈∇f,∇φ〉+
(n− 3)(n− 5)(3n2 + 4n− 11)
12
fφ
}
,
where
f = u|∂Sn+1
+
,
φ = ηu,
ψ = ∆u−
4
3
∆f +
(n− 3)(n− 5)
12
f
for η = −∂n+1 the outward-pointing unit normal along ∂S
n+1
+ . Moreover, equality
holds if and only if(
−∆+
(n+ 1)(n− 1)
4
)(
−∆+
(n+ 3)(n− 3)
4
)(
−∆+
(n+ 5)(n− 5)
4
)
u = 0
and there are constants a1, a2, a3 ∈ R and points
ξ1, ξ2, ξ3 ∈
{
x = (x0, . . . , xn+1) ∈ R
n+2
∣∣ |x| < 1, xn+1 = 0}
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such that
f(x) = a1 (1 + x · ξ1)
−n−5
2 ,
φ(x) = a2 (1 + x · ξ2)
−n−3
2 ,
ψ(x) = a3 (1 + x · ξ3)
−n−1
2
(1.13)
for all x ∈ ∂Sn+1+ .
Corollary 1.4, Corollary 1.5 and Corollary 1.6 are equivalent by stereographic
projection, though it is useful to have them written out explicitly in all cases. Since
sharp Sobolev (trace) inequalities are useful when studying (boundary) Yamabe
problems (e.g. [4, 16, 19]), we expect these corollaries to find applications in studies
of the higher-order fractional Yamabe problem (cf. [19]).
One replacement of the embedding W k,2(Mn) →֒ L
2n
n−2k (Mn) in the critical
case n = 2k is the Orlicz embedding W k,2(M2k) →֒ eL(M2k). There is a sharp
Onofri-type inequality [5] which establishes this embedding. The critical cases of
Corollary 1.4, Corollary 1.5 and Corollary 1.6 are as follows:
Corollary 1.7. Let (R6+, dx
2 + dy2) denote the closed upper half space. For all
u ∈ C∞(R6+) ∩W
3,2(R6+), it holds that
3C5,1/2‖ψ‖
2
5/2 + 8C5,3/2‖φ‖
2
5 +
128
5
Vol(S5) ln
∮
∂R6
+
e5(f−f¯)dµ
≤
∫
R
6
+
|∇∆u|2 +
∮
∂R6
+
{
8〈∇ψ,∇φ〉 +
16
3
(∆φ)(∆f)
}
,
where dµ = 1Vol(S5)
( 1+|x|2
2
)−5
dvoldx2 ,
f(x) = u(x, 0),
φ(x) = −
∂u
∂y
(x, 0),
ψ(x) =
∂2u
∂y2
(x, 0)−
1
3
∆u(x, 0)
for all x ∈ R5 = ∂R6+, the L
p-norms on the left-hand side are taken with respect
to the Riemannian volume element of (R5, dx2), and f := (
∮
f dµ)/(
∮
dµ) is the
average of f with respect to dµ. Moreover, equality holds if and only if ∆3u = 0
and there are points x1, x2, x3 ∈ R
5, constants a1, a2, a3 ∈ R, and positive constants
ε1, ε2, ε3 ∈ R such that
f(x) = a1 − ln
(
ε1 + |x− x1|
2
)
+ ln
(
1 + |x|2
)
,
φ(x) = a2
(
ε2 + |x− x2|
2
)−1
,
ψ(x) = a3
(
ε3 + |x− x3|
2
)−2
for all x ∈ R5.
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Corollary 1.8. Let (B6, dx2) denote the closed Euclidean unit ball. For all u ∈
C∞(B6), it holds that
3C5,1/2‖ψ‖
2
5/2 + 8C5,3/2‖φ‖
2
5 +
128
5
Vol(S5) ln
∮
∂B6
e5(f−f) dµ
≤
∫
B6
|∇∆u|2 +
∮
∂B6
{
−2ψ2 + 8〈∇ψ,∇φ〉+ 32ψφ−
8
3
〈∇ψ,∇f〉
+ 16φ2 +
16
3
(∆φ)(∆f) +
16
3
〈∇φ,∇f〉+
64
9
(∆f)2 + 16|∇f |2
}
,
where dµ := 1Vol(S5) dvoldθ2 is the probability measure on ∂B
6 induced by dx2,
f = u|∂B6 ,
φ =
∂u
∂r
∣∣∣∣
r=1
,
ψ =
∂2u
∂r2
∣∣∣∣
r=1
+ φ−
1
3
∆f
for r the distance to 0 ∈ B6, the Lp-norms on the right-hand side are taken with
respect to the Riemannian volume element dvoldθ2 of (S
5, dθ2), and f := (
∮
f)/(
∮
1)
is the average of f with respect to dvoldθ2 . Moreover, equality holds if and only if
there are constants a1, a2, a3 ∈ R and points x1, x2, x3 ∈ Int(B
6) such that
f(x) = a1 − ln (1 + x · x1) ,
φ(x) = a2 (1 + x · x2)
−1 ,
ψ(x) = a3 (1 + x · x3)
−2
for all x ∈ ∂B6.
Corollary 1.9. Let (S6+, dθ
2) denote the closed hemisphere. For all u ∈ C∞(S6+),
it holds that
3C5,1/2‖ψ‖
2
5/2 + 8C5,3/2‖φ‖
2
5 +
128
5
Vol(S5) ln
∮
∂S6
+
e5(f−f) dµ
≤
∫
S6
+
{
|∇∆u|2 + 10(∆u)2 + 24|∇u|2
}
+
∮
∂S6
+
{
8〈∇ψ,∇φ〉+ 24ψφ+
16
3
(∆φ)(∆f) + 32〈∇f,∇φ〉
}
,
where dµ := 1Vol(S5) dvol is the probability measure on ∂S
6
+ induced by dθ
2,
f = u|∂S6
+
,
φ = ηu,
ψ = ∆u−
4
3
∆f
for η = −∂6 the outward-pointing normal along ∂S
6
+. Moreover, equality holds if
and only if
(−∆+ 6) (−∆+ 4) (−∆)u = 0
and there are constants a1, a2, a3 ∈ R and points
ξ1, ξ2, ξ3 ∈
{
x = (x0, . . . , xn+1) ∈ R
n+2
∣∣ |x| < 1, xn+1 = 0}
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such that
f(x) = a1 − ln (1 + x · ξ1) ,
φ(x) = a2 (1 + x · ξ2)
−1
,
ψ(x) = a3 (1 + x · ξ3)
−2
for all x ∈ ∂S6+.
These inequalities generalize the Lebedev–Milin inequality for closed surfaces
with boundary [36] and closed four-manifolds with boundary [1, 9]. For this reason,
we expect Corollary 1.7, Corollary 1.8 and Corollary 1.9 to be useful when studying
variational problems involving the functional determinant (cf. [12, 36]) and the fifth-
order fractional Q-curvature (cf. [1, 9]) on six-manifolds with boundary.
This article is organized as follows:
In Section 2 we recall the definitions of Poincare´–Einstein manifolds and the frac-
tional GJMS operators, pointing out in particular some useful conformally invariant
properties of the boundaries of compactifications of Poincare´–Einstein manifolds.
We also recall Branson’s method [7] for finding conformally covariant operators
and give some computational lemmas which are useful in proving the conformal
covariance of our boundary operators.
In Section 3 we give the full formulas for our boundary operators and prove
Theorem 1.1. We also discuss the pseudodifferential operators they determine on
the boundary.
In Section 4 we prove Theorem 1.2.
In Section 5 we study the Sobolev trace embeddings (1.8) and (1.9) in dimensions
at least six. This includes deriving explicit sharp norm inequalities in the Euclidean
upper half space, the Euclidean ball, and the round hemisphere.
Acknowledgments. JSC was supported by a grant from the Simons Foundation
(Grant No. 524601).
2. Background
2.1. Important tensors on Riemannian manifolds with boundary. We be-
gin by recalling some important tensors defined on a Riemannian manifold (Xn+1, g).
The Schouten tensor of g is
P :=
1
n− 1
(
Ric−
R
2n
g
)
,
where Ric is the Ricci tensor and R := trg Ric is the scalar curvature of g. We
denote J := trg P , so that J = R/2n is a constant multiple of the scalar curvature.
The significance of the Schouten tensor comes from the decomposition
Rm =W + P ∧ g
of the Riemann curvature tensor into the totally trace-free Weyl tensor W and
the Kulkarni–Nomizu product P ∧ g of the Schouten tensor and the metric. We
sometimes use abstract index notation to represent tensors; for example,
(P ∧ g)ijkl := Pikgjl + Pjlgik − Pilgjk − Pjkgil.
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We use the metric g to raise and lower indices. For example, P ji := g
jkPik, which
is regarded as a section of either End(TX) or End(T ∗X), depending on context.
We denote by P 2 the composition of P with itself; i.e.
(P 2)ji := P
k
i P
j
k ,
and similarly for other compositions. The Cotton tensor is
Cijk := ∇iPjk −∇jPik
and the Bach tensor is
Bij := ∇
kCkij +WikjlP
kl,
where ∇ denotes the Levi-Civita connection of g. Recall that each of Wijkl , Cijk
and Bij are trace-free. Finally, the divergence δ of a (0, 2)-tensor field Tij is
(δT )j := ∇
iTij ,
with a similar definition for the divergence of tensor fields of different rank.
Now let (Mn, g) := (∂X, g|TM ) denote the boundary of X with the metric in-
duced by g. Riemannian tensors denoted by bars are defined with respect to g;
e.g. P denotes the Schouten tensor of the induced metric on the boundary. We
sometimes use h to denote the induced metric g, though in this case still use bars
to denote Riemannian invariants associated to h. We denote by η the outward-
pointing unit normal along M . The second fundamental form of M is defined by
A(X,Y ) := g (∇Xη, Y )
for all sections X,Y of TM , and the mean curvature of M is H := trg A. The
trace-free part of the second fundamental form is A0 := A−
1
nHg.
The following lemma collects some useful and well-known relationships between
the extrinsic and intrinsic geometry of the boundary of a Riemannian manifold;
see [9] for proofs.
Lemma 2.1. Let (Xn+1, g) be a Riemannian manifold with boundary. Along M it
holds that
P |TM = P −
1
n
HA0 −
1
2n2
H2g + F ,
J = J + P (η, η)−
1
2n
H2 +
1
2(n− 1)
|A0|
2,
P (η, ·)|TM = −
1
n
∇H +
1
n− 1
δA0,
where
(2.1) F :=
1
n− 2
(
W (η, ·, η, ·) +A20 −
1
2(n− 1)
|A0|
2g
)
.
Moreover, given any u ∈ C∞(X), along M it holds that
∆u = ∇2u(η, η) + ∆u+Hηu,
∇2u(η, ·)|TM = ∇ηu−A(∇u, ·),
η∆u = ∇3u(η, η, η) +H∇2u(η, η) + ∆ηu − 2δ
(
A(∇u)
)
+ 〈∇H,∇u〉
−
(
J + nP (η, η) +
1
2n
H2 +
2n− 1
2(n− 1)
|A0|
2
)
ηu.
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Remark 2.2. The tensor (2.1) is manifestly conformally invariant. It is often referred
to as the Fialkow tensor [39].
2.2. Poincare´–Einstein manifolds. A Poincare´–Einstein manifold is a triple
(Xn+1,Mn, g+) consisting of a complete Riemannian manifold (X
n+1
0 , g+) with
Ricg+ = −ng+ such that X0 is (diffeomorphic to) the interior of a compact manifold
X with boundary ∂X =Mn for which there exists a defining function r ∈ C∞(X)
forM such that r2g+ extends to a C
n−1,α-metric onX . Here a defining function for
M is a nonnegative function r ∈ C∞(X) such that r−1(0) = M and dr 6= 0 along
M . Since Ricg+ = −ng+, any defining function necessarily satisfies |dr|r2g+ = 1
along M . A local defining function for M is a function defined in a neighborhood
U of the boundary M for which these same properties hold in U . Note that if r
is a defining function, then so too is eσr for any σ ∈ C∞(X), and hence only the
conformal class [r2g+|TM ] is well-defined on a Poincare´–Einstein manifold. We call
the conformal manifold (Mn, [r2g+|TM ]) the conformal boundary of (X,M, g+).
While defining functions are not uniquely determined by the data of a Poincare´–
Einstein manifold, there are particularly nice defining functions determined when
a representative h ∈ [r2g+|TM ] of the conformal boundary is chosen. Given such
a representative, there is a unique local defining function r such that |dr|r2g+ ≡ 1;
see [25]. That is, there is a defining function r forM such that |dr|r2g+ ≡ 1 in some
neighborhood U ofM , and if r̂ is another defining function with the same property,
then r|U = r̂|U . Since we are only concerned with the asymptotic behavior of the
compactified metric r2g+ near M , the ambiguity of r away from the boundary is
immaterial.
The benefit of a geodesic defining function r for the representative h ∈ [r2g+|TM ]
is that the flow lines of ∇r yield a diffeomorphism U ∼= [0, ε)×M of a neighborhood
U ofM , and in this neighborhood the metric g := r2g+ takes the form g = dr
2+hr
for hr a one-parameter family of Riemannian metrics onM , regarded here as metrics
on the respective level sets {r} ×M . Indeed, the Taylor expansion of hr around
r = 0 involves only even powers of r up to order n− 1, and
(2.2) hr = h+ h(2)r
2 + h(4)r
4 + · · ·+
{
h(n−1)r
n−1 +O(rn), if n is odd,
h(n−2)r
n−2 +O(rn log r), if n is even.
Moreover, the terms h(ℓ), ℓ < n, are locally determined by h. For example,
h(2) = −P ,(2.3)
trh h(4) =
1
4
|P |2;(2.4)
see [18].
Graham and Zworski [26] defined the fractional GJMS operators via scattering
theory for the Laplacian of a Poincare´–Einstein manifold (Xn+1,Mn, g+). Specifi-
cally, given γ ∈
(
0, n2
)
\N, set s := n2 + γ and suppose that s(n− s) does not lie in
the pure-point spectrum σpp(−∆g+) of −∆g+ . Then for any f ∈ C
∞(M), there is
a unique solution of the Poisson equation
(2.5) −∆g+v − s(n− s)v = 0
such that
(2.6) lim
r→0
rs−nv = f.
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Indeed, any solution of (2.5) must be of the form
(2.7) v = Frn−s +Grs
for F,G ∈ C∞(X), so our condition (2.6) specifies that F |M = f . We denote this
solution P(s)(f) and define the scattering operator S(s) by S(s)f := G|M , where
G is given by (2.7) for v = P(s)(f). The fractional GJMS operator of order 2γ is
(2.8) P2γ := dγS
(n
2
+ γ
)
, where dγ = 2
2γ Γ(γ)
Γ(−γ)
.
Graham–Zworski showed that P2γ is a conformally covariant, formally self-adjoint
pseudodifferential operator with principal symbol that of (−∆)γ .
The Taylor expansion of F (resp. of G) at r = 0 can be obtained from the Taylor
expansion (2.2) and F |M (resp. of G|M ) by formally solving the equation
−∆g+v − s(n− s)v = O(r
∞)
for v = Frn−s (resp. v = Grs); see [26]. It follows that
F = f + f(2)r
2 + f(4)r
4 + · · · ,
G = f˜ + f˜(2)r
2 + f˜(4)r
4 + · · ·
(2.9)
are even up to order n, the functions f(2ℓ), ℓ ≤ n, are locally determined by f and
h, and the functions f˜(2ℓ), ℓ ≤ n, are locally determined by f˜ := S(s)f and h. For
example, f(2) = T2(s)f and f(4) = T4(s)f , where
T2(s) = −
1
2(2s− n− 2)
L2(n− s),
T4(s) =
1
8(2s− n− 4)
(
1
2s− n− 2
L2(n− s+ 2)L2(n− s) + L4(n− s)
)(2.10)
and
L2(s) = −∆+ sJ,
L4(s) = δ
(
2P − Jg
)
d+ J∆− s|P |2.
Likewise f˜(2) = T2(n− s)f˜ (see, for example, [35, 40]).
A compactification of a Poincare´–Einstein manifold is a compact Riemannian
manifold (Xn+1, g) with boundary M for which there is a Poincare´–Einstein man-
ifold (X0,M, g+) such that X0 is diffeomorphic to the interior of X and there is a
defining function r for ∂X such that g = r2g+. This notion is clearly conformally
invariant, and allows us to relate our conformally invariant boundary operators to
the fractional GJMS operators of Graham and Zworski.
Our strengthening of Theorem 1.1 and Theorem 1.3 is made by imposing con-
formally invariant conditions on the boundary of a compact manifold. It is well-
known [18] that these conditions are automatically satisfied by compactifications of
Poincare´–Einstein manifolds.
Lemma 2.3. Let (Xn+1, g) be a compactification of a Poincare´–Einstein manifold
(Xn+10 ,M
n, g+). Then, as sections of S
2T ∗M ,
A0 ≡ 0,(2.11)
W (η, ·, η, ·) ≡ 0,(2.12)
C(η, ·, ·) ≡ 0.(2.13)
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Moreover, these conditions are conformally invariant.
Proof. Equation (2.11) is equivalent to the condition that the boundary M is um-
bilic. It is well-known that the condition of umbilicity is conformally invariant and
that the lack of a first-order term in the expansion (2.2) implies that M is umbilic
(cf. [18]). Note that the Codazzi–Mainardi equation,
R(Y1, Y2, η, Y3) =
1
n
(〈∇H,Y2〉〈Y1, Y3〉 − 〈∇H,Y1〉〈Y2, Y3〉)
for sections Y1, Y2, Y3 of TM , and Lemma 2.1 together imply that, since M is
umbilic,
(2.14) W (η, ·, ·, ·) ≡ 0
as a section of T ∗M ⊗ Λ2T ∗M .
Since the Weyl tensor is conformally invariant and the outward-pointing unit
normals η and η̂ with respect to g and ĝ := e2σg, respectively, are related by η̂ =
e−ση, it is clear that (2.12) is a conformally invariant condition. The fact that (2.12)
holds is well-known [18] and follows readily from the expansion g = dr2 + hr.
The conformal transformation formula
Ĉijk = Cijk −Wijklσ
l
and the consequence (2.14) of umbilicity together imply that (2.11), (2.12) and (2.13)
are a conformally invariant system of equations. Since g+ is Einstein, the defini-
tion C = dP of the Cotton tensor implies that Cg+(∂r, ·, ∂r) ≡ 0 near M , and
hence (2.13) holds. 
Our computations of boundary operators require only compact manifolds with
boundary which satisfy the conclusions of Lemma 2.3. For this reason, it is useful
to give such boundaries a name.
Definition 2.4. A Riemannian manifold (Xn+1, g) has coronal boundary M = ∂X
if each of (2.11), (2.12) and (2.13) holds along M .
It is well-known that a Riemannian manifold of dimension at least four with
vanishing Weyl tensor also has vanishing Cotton and Bach tensors. Similarly, a
Riemannian manifold with coronal boundary is such that certain additional com-
ponents of the Cotton and Weyl tensors vanish (cf. [18]).
Lemma 2.5. Let (Xn+1, g), n ≥ 3, be a Riemannian manifold with coronal bound-
ary. Then, as sections of the tensor-algebra bundle of X,
W (η, ·, ·, ·) ≡ 0,(2.15)
C(η, ·, ·) ≡ 0,(2.16)
B(η, ·) ≡ 0.(2.17)
Proof. In what follows, let Y ∈ TpM , where M = ∂X , and let {Ej}
n
j=1 be an
orthonormal basis of TpM . All computations are done at the point p ∈M , and we
extend Y and Ej to a neighborhood of p in X such that (∇Y )p = (∇Ej)p = 0.
First, (2.12) and the consequence (2.14) of umbilicity imply that (2.15) holds.
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Second, recall that (n − 2)C(η, Y, η) = (δW )(η, η, Y ). From the symmetries of
the Weyl tensor, we compute that
(δW )(η, η, Y )
=
n∑
j=1
[
Ej
(
W (Ej , η, η, Y )
)
−W (Ej ,∇Ejη, η, Y )−W (Ej , η,∇Ejη, Y )
]
.
SinceM is umbilic andW (η, Y, Ej , η) = 0, we see that (δW )(η, η, Y ) = 0. Thus (2.16)
holds.
Third, it follows from (2.15) that
B(η, ·) =
n∑
j=1
∇EjC(Ej , η, ·).
Computing as in the previous paragraph shows that (2.17) holds. 
In order to make the computations necessary to prove Theorem 1.2, it is useful
to compute a number of intrinsic and extensic scalar invariants of the boundary of
a geodesic compactification of a Poincare´-Einstein manifold.
Lemma 2.6. Let (Xn+1, g), n ≥ 5, be a geodesic compactification of a Poincare´–
Einstein manifold. Then, along M ,
H = 0, P (η, η) = 0,
J = J, ηJ = 0,
∇ηP (η, η) = 0, ∆J = ∆J + |P |
2,
η∆J = 0.
Proof. Since g is a geodesic compactification of a Poincare´–Einstein manifold with
n ≥ 5, in a neighborhood U ofM it holds that g = dr2+hr for hr a one-parameter
family of Riemannian metrics on M such that
(2.18) hr = h− r
2P + r4h(4) + r
5h˜+ o(r5),
where trh h(4) =
1
4 |P |
2 and trh h˜ = 0; see [18]. In particular, we see that the
outward-pointing unit normal along M := ∂X is η = −∂r. Since ∂rg ≡ 0 along M ,
we recover the well-known fact that M is totally geodesic.
Next, since g+ = r
−2g and P g+ = − 12g+, we deduce from the conformal trans-
formation of the Schouten tensor that
P g = −r−1∇2r,
where the Hessian on the right-hand side is computed with respect to g. Since
∇∂r∂r = 0 in U , we see that P (∂r, ·) ≡ 0. In particular, P (η, η) = 0 and
∇ηP (η, η) = 0. Using (2.18), we also compute that
P g|TM = P − 2r
2h(4) −
5
2
r3h˜+ o(r3).
Taking the trace with respect to g yields
(2.19) J = J +
1
2
r2|P |2 + o(r3).
In particular, J |M = J and ηJ = 0.
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Finally, it follows from (2.18) that, near M ,
∆ = ∆+ ∂2r − rJ∂r +O(r
2).
Combining this with (2.19) yields
∆J = ∆J + |P |2 + o(r).
In particular, ∆J |M = ∆J + |P |
2 and η∆J = 0. 
2.3. Differential (boundary) operators. There are five basic types of differen-
tial operators from which we build our boundary operators. First are the exterior
derivatives d : C∞(X) → Ω1(X) and d : C∞(M) → Ω1(M). Second are the di-
vergences δ : Ω1(X) → C∞(X) and δ : Ω1(M) → C∞(M). Third is the outward-
pointing normal, regarded as a derivation η : C∞(X) → C∞(M). Fourth is the
action of a symmetric (0, 2)-tensor on one-forms as an endomorphism. Fifth is the
action of a smooth function as a multiplication operator. Juxtapositions of such
operators denote compositions; for example, δPd denotes the operator
(δPd)(u) := ∇i
(
P ji ∇ju
)
for all u ∈ C∞(X), while ∆ := δd denotes the intrinsic Laplacian onM with respect
to the metric induced by g. When necessary, we surround expressions for scalar
invariants by parentheses to clarify how they act; e.g. as operators, ∆J denotes the
operator u 7→ ∆(Ju) while (∆J) denotes the multiplication operator u 7→ u∆J .
Our operators are all natural Riemannian operators (see [3] and [22, Subsec-
tion 2.4] for precise definitions), and can be regarded as functions which map each
metric g in X to a differential (boundary) operator on the space of smooth functions
or one-forms on X or M which is polynomial in the metrics g and g, their inverses,
their Levi-Civita connections ∇ and ∇, their Riemann curvature tensors, and the
outward-pointing unit normal along M . This allows us to discuss the homogeneity
of such an operator: A natural Riemannian operator Lg is homogeneous of degree
k if Lc
2g = ckLg for all constants c > 0. For example, the Laplacians ∆ and ∆ are
homogeneous of degree −2, while the normal derivative η is homogeneous of degree
−1.
A homogeneous natural Riemannian operator L : C∞(X) → C∞(M) of degree
k is conformally covariant of weight w ∈ R if
(2.20) Le
2σg = e(w+k)σLge−wσ
for all metrics g on X and all σ ∈ C∞(X). Recall that the right-hand side of (2.20)
expresses the pre- and post-composition of L with two multiplication operators.
Note that (2.20) specifies that L is conformally covariant of bidegree (w,w+k).
It is typically simpler to check whether a homogeneous natural Riemannian op-
erator L is infinitesimally conformally covariant. If L is homogeneous of degree
k, then we define the infinitesimal conformal variation of L in the direction of
σ ∈ C∞(X) acting on densities of weight w ∈ R by
(2.21) δw(L)g,σ :=
∂
∂t
∣∣∣∣
t=0
e−(w+k)tσLe
2tσgewtσ.
We say that L is infinitesimally conformally covariant of weight w ∈ R if δw(L)g,σ =
0 for all g and σ. Branson [6] showed that L is infinitesimally conformally covariant
of weight w if and only if it is conformally covariant of weight w. When the metric g
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and the function σ are clear from context, we simply write δwL for the infinitesimal
conformal variation (2.21).
There are two observations that make it relatively simple to compute infini-
tesimal conformal variations. The first are the well-known computations of the
conformal variations of basic operators, some of which are collected in the following
lemma for convenience.
Lemma 2.7. Let (Xn+1, g) be a compact Riemannian manifold with boundary. Let
σ ∈ C∞(X) denote a direction in the space of conformal metrics and let α ∈ Ω1(X).
Then
δwg = 0,
δwP = −∇
2σ,
(δw∇)(α) = (w − 1)dσ ⊗ α− α⊗ dσ + 〈dσ, α〉 g,
δwH = n(ησ).
Proof. It is immediate that δwg = 0. The remaining conclusions follow from the
well-known conformal transformation formulas
P̂ = P −∇2σ + dσ ⊗ dσ −
1
2
|∇σ|2g,
∇̂α = −dσ ⊗ α− α⊗ dσ + 〈dσ, α〉 g,
eσĤ = H + nησ
for ĝ := e2σg. 
The second observation is that the infinitesimal conformal variation operator δw
satisfies an analogue of the Leibniz rule.
Lemma 2.8. Let (Xn+1, g) be a compact Riemannian manifold with boundary.
Suppose that K and L are natural Riemannian operators which are homogeneous
of degrees k and ℓ, respectively, and that the composition KL makes sense. Then
KL is homogeneous of degree k + ℓ and
δw (KL) = K ◦ δwL+ (δw+ℓK) ◦ L.
Proof. This follows from the identity
e−(w+k+ℓ)σKLewσ = e−(w+k+ℓ)σKe(w+ℓ)σe−(w+ℓ)σLewσ. 
We use Lemma 2.8 repeatedly in Section 3 to compute conformal variations.
Rather than give full details of those computations, where they are rather lengthy,
we give three simple consequences of Lemma 2.8 which illustrate its use.
First, it follows from Lemma 2.8 and the definition ∆ = tr∇d of the Laplace
operator that
(2.22) (δw∆) (u) = tr ((δw∇)d+∇(δwd)) (u) = (n+ 2w − 1)〈∇σ,∇u〉 + wu∆σ
on any (n+ 1)-dimensional Riemannian manifold.
Second, using Lemma 2.8 and (2.22), we see that
(δwη∆)(u) = (n+ 2w − 1)η〈∇u,∇σ〉+ wη (u∆σ) + (w − 2)(ησ)∆u.
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Expanding this yields
(2.23) (δwη∆)(u) = (n+ 2w − 1)∇
2u(η,∇σ) + w(∆σ)ηu
+ (n+ 2w − 1)∇2σ(η,∇u) + (w − 2)(ησ)∆u + wuη∆σ.
In Section 3, we use Lemma 2.1 to rewrite (2.23) in terms of intrinsic operators on
the boundary.
Third, if I is any natural scalar Riemannian invariant which is homogeneous of
degree k, we may define its conformal linearization by
DI :=
∂
∂t
∣∣∣∣
t=0
e−ktσIe
2tσg,
where we again suppress the dependence on σ in our notation. It is clear that when
I is regarded as a multiplication operator, δwI = δ0I for all w ∈ R. Moreover,DI =
(δ0I)(1). Therefore we may use Lemma 2.8 to compute conformal linearizations.
For example,
D(∆J) = (δ−2∆) (J) + ∆ (DJ) .
Combined with Lemma 2.7 we obtain
(2.24) D(∆J) = (n− 5)〈∇σ,∇J〉 − 2J∆σ −∆2σ.
3. Covariant operators associated to L6
Finding covariant operators associated to L6 involves two tasks. First, we must
find conformally covariant boundary operators of normal order j ∈ {0, . . . , 5} and
of bidegree
(
−n−52 ,−
n−5+2j
2
)
. Second, we must check that the associated bilinear
form is symmetric.
Explicit formulas for conformally covariant operators of normal order j ≤ 3 and
of bidegree (w,w − j) were given by the first-named author [9]. Specializing to the
case w = −n−52 yields the following result.
Proposition 3.1. Let (Xn+1, g) be a Riemannian manifold with umbilic boundary
M and define B5j : C
∞(X)→ C∞(M), j ∈ {0, 1, 2, 3}, by
B50(u) := u,
B51(u) := ηu+
n− 5
2
T 51 u,
B52(u) := ∆u−
4
3
∆u−
4
n
Hηu+
n− 5
2
T 52 u,
B53(u) := η∆u− 4∆ηu+
n− 9
2n
H∇2u(η, η)−
3n− 19
2n
H∆u−
4(n− 4)
n
〈∇H,∇u〉
+ S52ηu+
n− 5
2
T 53 u
where
S52 :=
3n− 7
2
J −
n− 13
2
P (η, η) +
3n2 − 19n+ 36
4n2
H2
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and
T 51 :=
1
n
H,
T 52 =
1
3
J − P (η, η) +
n− 4
2n2
H2,
T 53 = −ηJ −
4
n
∆H −
n− 9
2n
HP (η, η) +
3n− 11
2n
HJ +
n2 − 5n+ 12
4n3
H3.
Then B5j is conformally covariant of bidegree
(
−n−52 ,−
n−5+2j
2
)
. Moreover, in the
critical case n = 5, it holds that
(3.1) ejσT̂ 5j = T
5
j +B
5
j (σ)
for all 1 ≤ j ≤ 3 and all σ ∈ C∞(X), where T̂ 5j is defined in terms of ĝ := e
2σg.
Proof. That B50 and B
5
1 are conformally covariant of bidegree
(
−n−52 ,−
n−5
2
)
and(
−n−52 ,−
n−3
2
)
, respectively, follows from [9, Proposition 3.1]. That B52 is confor-
mally covariant of bidegree
(
−n−52 ,−
n−1
2
)
follows from [9, Proposition 3.3]. That
B53 is conformally covariant of bidegree
(
−n−52 ,−
n+1
2
)
follows from [9, Proposi-
tion 3.8]. The final claim (3.1) follows as in [9, Proposition 6.1]. 
We now proceed to derive formulas for the boundary operators of normal order
4 and 5 associated to L6. These formulas were derived by computing conformal
variations of various boundary operators. We expect that these operators agree
with the operators constructed by Gover and Peterson [21].
The boundary operator of normal order 4 associated to L6 is as follows:
Proposition 3.2. Let (Xn+1, g) be a Riemannian manifold with coronal boundary
M and define B54 : C
∞(X)→ C∞(M) by
B54(u) := −∆
2u− 4∆∆u+ 8∆
2
u+
4
n
Hη∆u +
16
n
H∆ηu
+
(
(3n− 5)J + (n− 11)P (η, η)−
n2 − 5n+ 18
2n2
H2
)
∇2u(η, η)
−
(
3(n− 3)J − (3n− 13)P (η, η) +
3n2 − 23n+ 66
2n2
H2
)
∆u
+ 8δ
(
P (∇u)
)
+
48
n
〈∇H,∇ηu〉
−
〈
(3n− 11)∇J − (5n− 29)∇P (η, η) +
5n2 − 53n+ 128
2n2
∇H2,∇u
〉
+ S53ηu +
n− 5
2
T 54 u,
where
S53 := (n− 9)ηJ +
16
n
∆H
+
3n2 − 15n+ 10
n
HJ +
n2 − 5n+ 26
n
HP (η, η)−
n3 − 7n2 + 12n− 24
2n3
H3
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and
T 54 := ∆J − 4∆J + 4∆P (η, η)−
4(n− 4)
n2
H∆H −
4
n
HηJ − 3(n− 1)JP (η, η)
+
n2 − 3n+ 18
2n2
H2P (η, η) +
3n2 − 13n+ 2
2n2
H2J −
4(n− 6)
n2
|∇H |2 − 4|P |2
+
3(n− 1)
2
J
2
−
n− 9
2
P (η, η)2 −
n3 − 5n2 + 4n− 24
8n4
H4.
Then B54 is conformally covariant of bidegree
(
−n−52 ,−
n+3
2
)
. Moreover, in the
critical case n = 5, it holds that
(3.2) e4σT̂ 54 = T
5
4 +B
5
4(σ)
for all σ ∈ C∞(X), where T̂ 54 is defined in terms of ĝ := e
2σg.
Proof. Note that Lemma 2.8 and (2.22) imply that
(3.3) δ−n−5
2
(∆2)(u) = −
n− 1
2
(∆u)(∆σ) + 4∆〈∇u,∇σ〉 −
n− 5
2
∆ (u∆σ) .
Expanding the last two terms using the Bochner formula and product rule yields
δ−n−5
2
(∆2)(u) = 4〈∇σ,∇∆u〉 − (n− 3)(∆u)(∆σ) + 8〈∇2u,∇2σ〉
+ 8(n− 1)P (∇u,∇σ) + 8J〈∇u,∇σ〉
− (n− 9)〈∇u,∇∆σ〉 −
n− 5
2
u∆2σ.
(3.4)
We rewrite the first summand on the right-hand side using the identity
(3.5) 4〈∇σ,∇∆u〉 = 4(ησ)η∆u + 4〈∇∆u,∇σ〉.
Similar to (3.4), it holds that
δ−n−5
2
(∆∆)(u) = 4〈∇∆u,∇σ〉 − 〈∇∆u,∇σ〉+ 4(ησ)∆ηu+ 8〈∇
2
u,∇
2
σ〉
+ 8〈∇ηu,∇ησ〉 −
n− 5
2
(∆u)∆σ −
n− 1
2
(∆u)∆σ
+ 4〈∇u,∇∆σ〉 − (n− 5)〈∇u,∇∆σ〉+ 4(ηu)∆ησ
+ 8(n− 2)P (∇u,∇σ) + 8J〈∇u,∇σ〉 −
n− 5
2
u∆∆σ
(3.6)
and also
δ−n−5
2
(∆
2
)(u) = 2〈∇∆u,∇σ〉+ 6〈∇
2
u,∇
2
σ〉 − (n− 3)(∆u)(∆σ)
+ 6(n− 2)P (∇u,∇σ) + 6J〈∇u,∇σ〉
− (n− 8)〈∇u,∇∆σ〉 −
n− 5
2
u∆
2
σ.
(3.7)
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Combining (3.4), (3.5), (3.6), and (3.7) yields
δ−n−5
2
(
−∆2 − 4∆∆+ 8∆
2
)
(u)
= −4(ησ)η∆u− 16(ησ)∆ηu− 8〈∇2u,∇2σ〉+ 16〈∇
2
σ,∇
2
u〉
+ (n− 3)(∆u)(∆σ) + 2(n− 5)(∆u)∆σ + 2(n− 1)(∆u)∆σ
− 8(n− 3)(∆u)∆σ − 32〈∇ηu,∇ησ〉
− 8(n− 1)P (∇u,∇σ)− 8J〈∇u,∇σ〉+ (n− 9)(η∆σ)ηu
− 8(n− 6)〈∇u,∇∆σ〉+ (5n− 29)〈∇u,∇∆σ〉 − 16(ηu)∆ησ
+ 16(n− 2)P (∇u,∇σ) + 16J〈∇u,∇σ〉
−
n− 5
2
u
(
−∆2σ − 4∆∆σ + 8∆
2
σ
)
.
The key point here is that there is no third-order term in u which involves ∇σ.
Combining the previous display with Lemma 2.1 and the conformal variations of
the terms of order at most three from [9, Section 3], we see that the operator
B˚54 := B
5
4 −
n− 5
2
T 54 ,
which has the property that B˚54(1) = 0, has conformal variation
(3.8) (δ−n−5
2
B˚54)(u) = −
n− 5
2
uB˚54(σ).
Next, applications of Lemma 2.7 and Lemma 2.8 imply that
D
(
∆P (η, η)
)
= −∆∇2σ(η, η) + (n− 6)〈∇P (η, η),∇σ〉 − 2P (η, η)∆σ,(3.9)
D(∆J) = −∆
2
σ + (n− 6)〈∇J,∇σ〉 − 2J∆σ.(3.10)
Combining (2.24), (3.9) and (3.10) with the conformal linearizations from [9, Sec-
tion 3] yields
(3.11) D(T 54 ) = B˚
5
4(σ).
It follows from (3.8), (3.11) and the observation δwI = DI for any scalar invariant
I that
δ−n−5
2
B54 = 0.
In particular, B54 is conformally covariant of bidegree
(
−n−52 ,−
n+3
2
)
, as claimed.
Finally, if n = 5, then B54 = B˚
5
4 . It then follows from (3.8) and (3.11) that (3.2)
holds. 
The boundary operator of normal order 5 associated to L6 is as follows:
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Proposition 3.3. Let (Xn+1, g) be a Riemannian manifold with coronal boundary
M and define B55 : C
∞(X)→ C∞(M) by
B55u = η∆
2u+
4
3
∆η∆u +
8
3
∆
2
ηu +
n+ 3
2n
H∆2u+
2(n− 9)
3n
H∆∇2u(η, η)
−
4
n
H∇2(∆u)(η, η) +
2(3n− 11)
3n
H∆
2
u
−
(
5n− 7
3
J + (n− 7)P (η, η)−
n2 − 9n+ 10
2n2
H2
)
η∆u
−
(
2(5n− 9)
3
J +
2(n− 13)
3
P (η, η)−
3n2 − 19n+ 12
3n2
H2
)
∆ηu
+ 8η〈P,∇2u〉+ 16δ
(
P (∇ηu)
)
+
4(n− 12)
3n
〈∇H,∇∇2u(η, η)〉
+
4(5n− 28)
3n
〈∇H,∇∆u〉+R51,3∇
2u(η, η) +
4(3n− 7)
n
Hδ
(
P (∇u)
)
+
8(2n− 14)
3n
〈∇
2
H,∇
2
u〉+R52,3∆u
−
〈
∇
(
15n− 47
3
J +
7n− 79
3
P (η, η)−
15n2 − 139n+ 168
6n2
H2
)
,∇ηu
〉
+ 〈σ54 ,∇u〉+ S
5
4ηu+
n− 5
2
T 55 u,
where
R51,3 := −2(n− 6)ηJ +
2(n− 9)
3n
∆H −
5n2 − 28n+ 15
6n
HJ
−
n2 − 16n+ 55
2n
HP (η, η) +
n3 − 6n2 + 11n− 30
4n3
H3,
R52,3 := −
5n− 19
3
ηJ +
2(5n− 21)
3n
∆H −
5n2 − 20n+ 7
2n
HJ
−
5(n− 3)(n− 5)
6n
HP (η, η) +
5n3 − 26n2 + 23n+ 6
12n3
H3,
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and
S54 := −
n− 5
2
(∆J)−
2(3n− 11)
3
∆J − (n− 9)∇2J(η, η)−
2(n− 13)
3
∆ (P (η, η))
−
16
n
H∇ηP (η, η) +
6n2 − 38n+ 72
3n2
H∆H +
6n2 − 62n+ 180
3n2
|∇H |2
−
3n2 − 20n+ 13
2n
HηJ −
3n3 − 24n2 + 103n− 130
4n2
H2P (η, η)
−
15n3 − 68n2 − 5n+ 42
12n2
H2J +
5n2 − 54n+ 49
6
JP (η, η)
+
5n4 − 26n3 + 17n2 − 84n+ 120
16n4
H4 +
15n2 − 50n− 29
12
J
2
+
n2 − 22n+ 149
4
P (η, η)2 − 2(3n− 11)|P |2,
σ54 :=
16(n− 6)
3n
∇∆H +
16n2 − 96n− 64
3n
P (∇H)−
7n− 47
3
∇ηJ
−
15n2 − 70n+ 119
6n
H∇J −
2(5n2 − 45n+ 92)
3n
J∇H
−
2n2 − 34n+ 168
3n
P (η, η)∇H −
7n2 − 86n+ 303
6n
H∇P (η, η)
+
3n3 − 32n2 + 117n− 144
6n3
∇H3
and
T 55 := −η∆J −
4
3
∆ηJ +
8
3n
∆
2
H +
4
n
H∇2J(η, η)−
n+ 3
2n
H∆J −
2(3n− 7)
3n
H∆J
−
2(n− 9)
3n
H∆P (η, η)−
4(n− 12)
3n
〈∇H,∇P (η, η)〉 −
4(3n− 16)
3n
〈∇H,∇J〉
+
5n− 1
3
JηJ + (n− 5)P (η, η)ηJ −
8
n2
H2∇ηP (η, η)− 4η|P |
2
−
n2 − 7n− 6
2n2
H2ηJ −
2(n− 9)
3n
P (η, η)∆H +
n2 − 5n+ 12
n3
H2∆H
+
16
n
〈P ,∇
2
H〉 −
10(n− 1)
3n
J∆H +
15n2 − 10n− 37
12n
HJ
2
+
(n− 5)(n− 9)
4n
HP (η, η)2 −
6(n− 1)
n
H |P |2 +
(n− 5)(5n+ 3)
6n
HJP (η, η)
−
n3 − 4n2 + 33n− 30
4n3
H3P (η, η) +
2(n− 2)(n− 7)
n3
H |∇H |2
−
5n3 − 8n2 − 19n− 42
12n3
H3J +
n4 − 2n3 − 3n2 − 52n+ 24
16n5
H5.
Then B55 is conformally covariant of bidegree
(
−n−52 ,
n+5
2
)
. Moreover, in the crit-
ical case n = 5, it holds that
(3.12) e5σT̂ 55 = T
5
5 +B
5
5(σ)
for all σ ∈ C∞(X), where T̂ 55 is defined in terms of ĝ := e
2σg.
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Proof. Using (3.3), we deduce that
δ−n−5
2
(η∆2)(u) = 4〈∇σ,∇η∆u〉+ 4(ησ)∇2(∆u)(η, η)−
n+ 1
2
(ησ)∆2u
−
4
n
H〈∇σ,∇∆u〉+ 4∇2σ(η,∇∆u) + 8ηδ
(
∇2σ(∇u)
)
−
n− 5
2
η∆(u∆σ)−
n− 1
2
η ((∆σ)∆u) + 4η〈∇u,∇∆σ〉.
(3.13)
Similarly, we compute that
δ−n−5
2
(∆η∆)(u) = 4〈∇σ,∇∆ηu〉 − 3〈∇σ,∇η∆u〉 −
n− 1
2
∆ ((ησ)∆u)
+ 4∆
(
(ησ)∇2u(η, η) +∇2σ(η,∇u)−
H
n
〈∇u,∇σ〉
)
+ 8δ
(
∇
2
σ(∇ηu)
)
−
n+ 1
2
(∆σ)η∆u
−
n− 5
2
∆η(u∆σ) − 4〈∇ηu,∇∆σ〉
(3.14)
and that
δ−n−5
2
(∆
2
ηu)(u) = −2〈∇σ,∇∆ηu〉 −
n− 5
2
∆
2
(uησ) + 2δ
(
∇
2
σ(∇ηu)
)
− (n− 1)(∆σ)∆ηu− (n− 2)〈∇ηu,∇∆σ〉 −
n− 3
2
(∆
2
σ)ηu.
(3.15)
Combining (3.13), (3.14), and (3.15) yields
δ−n−5
2
(
η∆2 +
4
3
∆η∆+
8
3
∆
2
η
)
(u)
= 4(ησ)∇2(∆u)(η, η) −
n+ 1
2
(ησ)∆2u−
2(n− 1)
3
∆ ((ησ)∆u)
+
16
3
∆
(
(ησ)∇2u(η, η) +∇2σ(η,∇u)−
H
n
〈∇u,∇σ〉
)
−
4(n− 5)
3
∆
2
(uησ)
+ 16δ
(
∇
2
σ(∇ηu)
)
−
4
n
H〈∇σ,∇∆u〉+ 4∇2σ(η,∇∆u) + 8ηδ
(
∇2σ(∇u)
)
−
n− 5
2
η∆(u∆σ)−
n− 1
2
η ((∆σ)∆u) −
8(n− 1)
3
(∆σ)∆ηu−
2(n+ 1)
3
(∆σ)η∆u
−
2(n− 5)
3
∆η(u∆σ) + 4η〈∇u,∇∆σ〉 −
8n
3
〈∇ηu,∇∆σ〉 −
4(n− 3)
3
(∆
2
σ)ηu.
The key point here is that there is no fourth-order term in u which involves ∇σ.
Combining the previous display with Lemma 2.1, (3.4), (3.6), (3.7), and the con-
formal variations from [9, Section 3], we see that the operator
B˚55 := B
5
5 −
n− 5
2
T 55 ,
which has the property that B˚55(1) = 0, has conformal variation
(3.16) (δ−n−5
2
B˚55)(u) = −
n− 5
2
uB˚55(σ).
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Next, applications of Lemma 2.7 and Lemma 2.8 imply that
D(η∆J) = −η∆2σ − 2Jη∆σ + (n− 5)η〈∇J,∇σ〉 − 2(ηJ)∆σ − 4(∆J)ησ,(3.17)
D(∆ηJ) = −∆η∆σ − 2∆(Jησ) + (n− 8)〈∇ηJ,∇σ〉 − 3(ηJ)∆σ,(3.18)
D(∆
2
H) = n∆
2
ησ −H∆
2
σ − (n− 2)〈∇H,∇∆σ〉(3.19)
+ 2(n− 4)δ
(
∇
2
σ(∇H)
)
− 4(∆H)∆σ + 2(n− 6)〈∇∆H,∇σ〉.
Combining (3.17), (3.18), and (3.19) with the conformal linearizations (2.24), (3.9),
(3.10) and those from [9, Section 3] yields
(3.20) D(T 55 ) = B˚
5
5(σ).
It follows from (3.16), (3.20), and the observation δwI = DI for any scalar invariant
I that
δ−n−5
2
B55 = 0.
In particular, B55 is conformally covariant of bidegree
(
−n−52 ,−
n+5
2
)
.
Finally, if n = 5, then B55 = B˚
5
5 . It then follows from (3.16) and (3.20) that (3.12)
holds. 
It now remains to prove that the operators B5j , 0 ≤ j ≤ 5, are such that the
bilinear form
(3.21) Q6(u, v) :=
∫
X
uL6v dvolg +
2∑
j=0
∮
M
B5j (u)B
5
5−j(v) dvolg
is symmetric. This follows from repeated applications of the Divergence Theorem.
The computation is significantly simplified by exploiting the fact that Q6 is confor-
mally covariant (see the proof of Proposition 3.5 below) and choosing a favorable
metric in X with which to compute (cf. [21, Proposition 7.15]).
Lemma 3.4. Let (Xn+1, g0) be a compact Riemannian manifold with coronal
boundary M . Then there is a metric g = e2ug0 such that
(3.22)

g|TM = g0|TM ,
H = 0,
P (η, η) = 13J,
ηJ = 0,
∆J = 83∆J + 4|P |
2 − 4n9 J
2
,
η∆J = −4η|P |2.
Proof. From Proposition 3.1, Proposition 3.2, and Proposition 3.3, we see that if
n > 5, then g := u
4
n−5 g0 satisfies (3.22) if and only if B
5
0(u) = 1 and B
5
j (u) = 0 for
1 ≤ j ≤ 5. This is readily arranged by taking u|M = 1 and recursively using the
condition B5j (u) = 0 to determine ∇
j
ηu.
Likewise, if n = 5, we see that g := e2ug0 satisfies (3.22) if and only if B
5
0(u) = 0
and T 5j +B
5
j (u) = 0, which again is readily arranged. 
We now check that (3.21) is symmetric.
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Proposition 3.5. Let (Xn+1, g) be a compact Riemannian manifold with coronal
boundary M . Then (3.21) is a conformally covariant symmetric bilinear form; i.e.
for all u, v, σ ∈ C∞(X), it holds that Q6(u, v) = Q6(v, u) and
Qĝ6(u, v) = Q
g
6
(
e
n−5
2
σu, e
n−5
2
σv
)
,
where Qĝ6 is defined in terms of ĝ := e
2σg.
Proof. The fact that Q6 is conformally covariant follows from Proposition 3.1,
Proposition 3.2 and Proposition 3.3.
Since Q6 is conformally covariant,Q
g
6 is symmetric if and only if Q
ĝ
6 is symmetric
for some ĝ ∈ [g]. We may thus assume without loss of generality that g satisfies
the conclusion of Lemma 3.4.
A straightforward computation using Lemma 2.1 implies that if g satisfies (3.22),
then
B50(u) = u,
B51(u) = ηu,
B52(u) = ∆u−
4
3
∆u,
B53(u) = η∆u− 4∆ηu+
4(n− 1)
3
Jηu,
B54(u) = −∆
2u− 4∆(∆u) + 8∆
2
u+ 8δ
(
P (∇u)
)
+
2(5n− 13)
3
J∆u −
8(2n− 5)
3
J∆u−
4(n− 1)
3
〈∇J,∇u〉,
B55(u) = η∆
2u+
4
3
∆η∆u+
8
3
∆
2
ηu−
2(3n− 7)
3
Jη∆u−
16(2n− 5)
9
J∆ηu
+ 16δ
(
P (∇ηu)
)
+ 8η〈P,∇2u〉 − (n− 9)∇2J(η, η)ηu −
4(13n− 55)
9
〈∇J,∇ηu〉
−
8(4n− 19)
9
(∆J)ηu− 8(n− 4)|P |2ηu+
8(2n2 − 10n+ 5)
9
J
2
ηu.
Evaluating on M using Lemma 2.1 and Lemma 2.5, we also see that
T4(η, Y ) = 0,
T4(η, η) = −
8(n− 5)
3
∆J − 8(n− 4)|P |2 +
8(2n2 − 10n+ 5)
9
J
2
,
T2(η,∇u) =
4(n− 3)
3
Jηu,
δ (T2(∇u)) =
4(n− 3)
3
J∆u +
8
3
J∆u− 8〈P ,∇
2
u〉+
4(n− 9)
3
〈∇J,∇u〉,
ηδ (T2(∇u)) =
4(n− 1)
3
Jη∆u − 8η〈P,∇2u〉
+ (n− 9)∇2J(η, η)ηu +
4(n− 9)
3
〈∇J,∇ηu〉
for all Y ∈ TM , where T2 := (n− 1)Jg − 8P and T4 is given by (1.4). Combining
these formulas with the Divergence Theorem yields
Q6(u, v) = FI(u, v) + FB(u, v),
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where FI is the interior bilinear form
FI(u, v) =
∫ [
〈∇∆u,∇∆v〉 − T2(∇u,∇∆v)− T2(∇v,∇∆u)
−
n− 1
2
J(∆u)(∆v) + T4(∇u,∇v) +
n− 5
2
Q6uv
]
and FB is the boundary bilinear form
FB(u, v) =
∮ [
−4
(
(∆u)∆ηv + (∆v)∆ηu
)
+ 8
(
(ηu)∆
2
v + (ηv)∆
2
u
)
− 16
(
P (∇u,∇ηv) + P (∇v,∇ηu)
)
+
8(n− 2)
3
J ((∆u)ηv + (∆v)ηu)
+
8(n− 2)
3
J
(
〈∇u,∇ηv〉+ 〈∇v,∇ηu〉 − (∆u)ηv − (∆v)ηu
)]
.
It is clear by inspection that FI and FB are both symmetric. Therefore Q6 is
symmetric. 
We conclude this section by discussing the generalized Dirichlet-to-Neumann
operators associated to L6 and the boundary operators B
5
j , 0 ≤ j ≤ 5. These are
well-defined on compact Riemannian manifolds with coronal boundary for which
the Dirichlet kernel of L6,
kerD L6 :=
{
u ∈ C∞(X)
∣∣ B50(u) = 0, B51(u) = 0, B52(u) = 0} ,
is trivial. Indeed:
Proposition 3.6. Let (Xn+1, g) be a compact Riemannian manifold with coronal
boundary and for which kerD L6 = {0}. Then for each f, φ, ψ ∈ C
∞(M) there is
a unique function uf,φ,ψ ∈ C
∞(X) which solves (1.5). In particular, the operators
B5j : C
∞(M)→ C∞(M), j ∈ {1, 3, 5}, given by
B51(ψ) := B
5
3 (u0,0,ψ) ,
B53(φ) := B
5
4 (u0,φ,0) ,
B55(f) := B
5
5 (uf,0,0) ,
are well-defined formally self-adjoint pseudodifferential operators with principal sym-
bol proportional to that of (−∆)j/2 which depend only on [g] and h := g|TM . More-
over, B5j are conformally covariant: For every f, σ ∈ C
∞(M), it holds that
B̂5j (f) = e
−n+j
2
σB5j
(
e
n−j
2
σf
)
,
where B̂5j is defined with respect to any extension in [g] of ĥ := e
2σh.
Proof. Since the leading-order term of B5j , counted according to the number of
transverse derivatives, is∇jη, it follows that
(
L6;B
5
0 , B
5
1 , B
5
2
)
satisfy the Lopatinksii–
Shapiro conditions [2, 29, 34, 37] (cf. [8, 21]). It then follows from the formal self-
adjointness of
(
L6;B
5
0 , B
5
1 , B
5
2
)
and the assumption kerD L6 = {0} that there is a
unique smooth solution of (1.5).
Since the sixth-order GJMS operator L6 and the boundary operators B
5
j are
O(TM)-invariant and elliptic, the argument in [8, Theorem 8.4] shows that B5j are
pseudodifferential operators with principal symbol proportional to that of (−∆)j/2.
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Since this construction is universal, the constant of proportionality is given by the
conclusion of Theorem 1.2.
Next, the definition of B55 implies that
∮
M
f1 B
5
5f2 dvolg = Q6 (uf1,0,0, uf2,0,0) .
Proposition 3.5 implies that B55 is formally self-adjoint. The formal self-adjointness
of B51 and B
5
3 follows similarly.
Finally, let f, φ, ψ ∈ C∞(M) and let u := ugf,φ,ψ denote the extension (1.5) of
(f, φ, ψ) with respect to the background metric g. Given Υ ∈ C∞(X), set σ = Υ|M .
Let ĝ := e2Υg, f̂ := e−
n−5
2
σf , φ̂ := e−
n−3
2
σφ, and ψ̂ := e−
n−1
2
σψ. It follows from
Theorem 1.1 that e−
n−5
2
Υu = uĝ
f̂ ,φ̂,ψ̂
is the extension (1.5) of (f̂ , φ̂, ψ̂) with respect
to ĝ. Applying Theorem 1.1 again yields
B̂53
(
uĝ
f̂ ,φ̂,ψ̂
)
= e−
n+1
2
σB53 (uf,φ,ψ) ,
B̂54
(
uĝ
f̂ ,φ̂,ψ̂
)
= e−
n+3
2
σB54 (uf,φ,ψ) ,
B̂55
(
uĝ
f̂ ,φ̂,ψ̂
)
= e−
n+5
2
σB55 (uf,φ,ψ) .
Therefore B5j , j ∈ {1, 3, 5}, is independent of the choice of extension in [g] of h and
that B5j is conformally covariant of bidegree
(
−n−j2 ,−
n+j
2
)
. 
4. Fractional GJMS operators from L6
We now study the relationship between the fractional GJMS operators and the
boundary operators associated to the sixth-order GJMS operator. To that end, it
is useful to first give a simple formula for our boundary operators when computed
with respect to a geodesic compactification of a Poincare´–Einstein manifold.
Proposition 4.1. Let (Xn+1,Mn, g+), n ≥ 5, be a Poincare´–Einstein manifold,
and let r be a geodesic defining function for M . With respect to the compactified
metric g := r2g+, the boundary operators B
5
j , 0 ≤ j ≤ 5, associated to L6 are given
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by
B50(u) = u,
B51(u) = −∂ru,
B52(u) = ∂
2
ru+
1
3
(
−∆+
n− 5
2
J
)
u,
B53(u) = −∂
3
ru− 3
(
−∆+
n− 3
2
J
)
∂ru,
B54(u) = −∂
4
ru+ 6
(
−∆+
n− 1
2
J
)
∂2ru
+ 3
(
−∆+
n− 1
2
J
)(
−∆+
n− 5
2
J
)
u
+ 3
(
δ
(
2P − Jg
)
d+ J∆−
n− 5
2
|P |2
)
u,
B55(u) = −∂
5
ru+
10
3
(
−∆+
n+ 1
2
J
)
∂3ru
− 5
(
−∆+
n+ 1
2
J
)(
−∆+
n− 3
2
J
)
∂ru
− 15
(
δ
(
2P − Jg
)
d+ J∆−
n− 3
2
|P |2
)
∂ru.
Proof. First note that η = −∂r and ∇ηη = 0 in a neighborhood of M . Therefore
∇ku(η, . . . , η) = (−1)k∂kru for all k. Second, since g = dr
2+ hr with hr as in (2.2),
it holds that
(4.1) ∆ = ∂2r +∆− rJ∂r +
r2
2
(
δ
(
2P − Jg
)
d+ J∆
)
−
r3
2
|P |2∂ru+O(r
4).
This implies that
∆2 = ∂4ru− 2(−∆+ J)∂
2
ru+∆
2
u+ δ
(
(2P − Jg)(∇u)
)
+ J∆u
− r
[
2J∂3ru− 2δ
(
(2P − Jg)(∇∂ru)
)
+ 2〈∇J,∇∂ru〉
+
(
∆J + 3|P |2 − J
2
)
∂ru
]
+O(r2).
(4.2)
It follows from Lemma 2.6 and Proposition 3.1 that
B50(u) = u,
B51(u) = ηu,
B52(u) = ∆u−
4
3
∆u+
n− 5
6
Ju,
B53(u) = η∆u− 4∆ηu+
3n− 7
2
Jηu.
The first two identities yield the claimed formulas for B50 and B
5
1 , respectively. The
final two identities and (4.1) together yield the claimed formulas for B52 and B
5
3 .
30 JEFFREY S. CASE AND WEIYU LUO
Next, Lemma 2.6 and Proposition 3.2 imply that
B54(u) = −∆
2u− 4∆∆u+ 8∆
2
u+ (3n− 5)J∂2ru− 3(n− 3)J∆u
+ 8δ
(
P (∇u)
)
− (3n− 11)〈∇J,∇u〉
−
3(n− 5)
2
(
∆J + |P |2 −
n− 1
2
J
2
)
u.
Combining this display with (4.1) and (4.2) yields the claimed formula for B54 .
Finally, observe that
∇2u(X,Y ) = ∇
2
u(X,Y ) + rP (X,Y )ηu + o(r)
for all sections X,Y of TM . Since P (η, ·) ≡ 0 and ∇ηP = 0, we conclude that
(4.3) η〈P,∇2u〉 = δ
(
P (∇ηu)
)
− 〈∇J,∇ηu〉 − |P |2ηu.
It follows from Lemma 2.6, Proposition 3.3, and (4.3) that
B55(u) = η∆
2u+
4
3
∆η∆u+
8
3
∆
2
ηu−
5n− 7
3
Jη∆u−
2(5n− 9)
3
J∆ηu
+ 24δ
(
P (∇ηu)
)
−
15n− 23
3
〈∇J,∇ηu〉
−
15n− 59
6
(∆J)ηu +
15n2 − 50n− 29
12
J
2
ηu−
15n− 51
2
|P |2ηu.
Combining this display with (4.1) and (4.2) yields the claimed formula for B55 . 
Theorem 1.2 asserts the desired relationship between the fractional GJMS oper-
ators and the boundary operators associated to L6. We recall this assertion below
for the reader’s convenience.
Theorem 4.2. Let (Xn+1, g) be a compactification of a Poincare´–Einstein man-
ifold (X0, g+) such that
n2
4 − γ
2 6∈ σpp(−∆g+) for γ ∈ {1/2, 3/2, 5/2}. Suppose
additionally that u ∈ C∞(X) is such that L6u = 0. Then
B55(u) =
8
3
P5
(
B50(u)
)
,
B54(u) = 8P3
(
B51(u)
)
,
B53(u) = 3P1
(
B52(u)
)
,
(4.4)
where B5j , 0 ≤ j ≤ 5, are the boundary operators of Theorem 1.1 and P2γ , γ ∈
{1/2, 3/2, 5/2} are the fractional GJMS operators of order 2γ.
Proof. From the conformal covariance of the boundary operators B5j and the frac-
tional GJMS operators P2γ , we see that we may assume that g = r
2g+ for r a
geodesic defining function for M .
Let u ∈ kerL6 and set (f, φ, ψ) :=
(
B50(u), B
5
1(u), B
5
2(u)
)
. Define
vf := P
(
n+ 5
2
)
(f), vφ := P
(
n+ 3
2
)
(φ), and vψ := P
(
n+ 1
2
)
(ψ),
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where P
(
n
2 + s
)
denotes the solution of the Poisson equation (2.5) with prescribed
Dirichlet data. It follows from (2.7) and (2.9) that
vf = r
n−5
2
(
f + f(2)r
2 + f(4)r
4 + f˜r5
)
+ o
(
r
n+5
2
)
,
vφ = r
n−3
2
(
φ+ φ(2)r
2 + φ˜r3 + φ(4)r
4
)
+ o
(
r
n+5
2
)
,
vψ = r
n−1
2
(
ψ + ψ˜r + ψ(2)r
2 + ψ˜(2)r
3
)
+ o
(
r
n+5
2
)
,
(4.5)
where f˜ := S
(
n+5
2
)
(f), φ˜ := S
(
n+3
2
)
(φ), and ψ˜ := S
(
n+1
2
)
(ψ).
Next, observe from Proposition 4.1 that
B50(u) = u,
B51(u) = −∂ru,
B52(u) = ∂
2
ru− 2T2
(
n+ 5
2
)
u,
B53(u) = −∂
3
ru− 6T2
(
n+ 3
2
)
B51(u),
B54(u) = −∂
4
ru+ 12T2
(
n+ 1
2
)
B52(u) + 24T4
(
n+ 5
2
)
u,
B55(u) = −∂
5
ru− 20T2
(
n− 1
2
)
B53(u)− 120T4
(
n+ 3
2
)
B51(u),
(4.6)
where T2 and T4 are given by (2.10).
Now, since g+ is Einstein with Ricg+ = −ng+, the operator L
g+
6 factors as
Lg+g =
(
−∆−
n2 − 25
4
)(
−∆−
n2 − 9
4
)(
−∆−
n2 − 1
4
)
;
see [18, 20]. In particular, L
g+
6 (V ) = 0, where V := vf − vφ +
1
2vψ . By conformal
covariance, Lg6
(
v
)
= 0 for v := r−
n−5
2 V . On the other hand, it follows from (4.5)
that
(4.7) v = f − φr +
1
2
(ψ + 2f(2))r
2 +
1
2
(ψ˜r3 − 2φ(2))r
3
+
1
2
(ψ(2) − 2φ˜+ 2f(4))r
4 +
1
2
(ψ˜(2) − 2φ(4) + 2f˜)r
5 + o(r5).
Combining (4.6) and (4.7) yields
(
B50(v), B
5
1(v), B
5
2(v)
)
= (f, φ, ψ). Our assumption
on σpp(−∆g+) implies that kerD L6 = {0}. Hence solutions to the Dirichlet problem
for (L6;B
5
0 , B
5
1 , B
5
2) are unique, and in particular u = v. Moreover, (4.6) and (4.7)
also yield
B53(u) = −3ψ˜ = −3S
(
n+ 1
2
)(
B52(u)
)
,
B54(u) = 24φ˜ = 24S
(
n+ 3
2
)(
B51(u)
)
,
B55(u) = −120f˜ = −120S
(
n+ 5
2
)(
B50(u)
)
.
The final conclusion follows from the definition (2.8) of the fractional GJMS oper-
ators. 
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5. Sobolev traces
In this section we discuss a number of sharp Sobolev trace inequalities involving
the W 3,2(X)-seminorm of a function when dimX > 6. First we consider a norm
inequality which establishes the trace embedding
Tr: W 3,2(X) →֒ H5(∂X)⊕H3(∂X)⊕H1(∂X)
provided the Dirichlet spectrum of L6 is positive. Indeed, we show that the en-
ergy functional E6 is bounded below within the class of functions with prescribed
Dirichlet data
(
B50(u), B
5
1(u), B
5
2(u)
)
by the energy of the unique such function with
L6(u) = 0. Our spectral assumption can be stated in terms of the first Dirichlet
eigenvalue of L6.
Definition 5.1. Let (Xn+1, g), n ≥ 5, be a compact Riemannian manifold with
coronal boundary. The first Dirichlet eigenvalue of L6 is
λ1,D(L6) := inf
{
E6(u)
∣∣∣∣ u ∈ kerB50 ∩ kerB51 ∩ kerB52 , ∫
X
u2 dvolg = 1
}
.
Equivalently, λ1,D(L6) is the infimum of the Rayleigh quotient E6(u)/‖u‖
2
L2(X)
over all functions with B50(u) = B
5
1(u) = B
5
2(u) = 0. This latter characterization
of λ1,D(L6) implies that the assumption λ1,D(L6) > 0 is conformally invariant. It
also allows us to minimize E6 within the class of functions with prescribed Dirichlet
data.
Theorem 5.2. Let (Xn+1, g), n ≥ 5, be a compact Riemannian manifold with
coronal boundary and λ1,D(L6) > 0. Given any f, φ, ψ ∈ C
∞(M), it holds that
E6(u) ≥
∮
M
[
f B55(f) + φB
5
3(φ) + ψ B
5
1(ψ)
]
dvolg
for all
u ∈ Cf,φ,ψ :=
{
v ∈ C∞(X)
∣∣ B50(v) = f,B51(v) = φ,B52(v) = ψ} ,
with equality if and only if u is the solution of (1.5).
Proof. Fix u0 ∈ Cf,φ,ψ and note that, by the linearity of the boundary operators
B5j , it holds that Cf,φ,ψ = u0 + C0,0,0. Given any v ∈ C0,0,0, it follows from the fact
that Q6 is bilinear and symmetric that
E6(u0 + v) = E6(u0) + 2Q6(v, u0) + E6(v)
= E6(u0) + E6(v) + 2
∫
X
v L6u0
≥ E6(u0) + λ1,D(L6)‖v‖
2
L2(X) − 2‖v‖L2(X)‖L6u0‖L2(X)
≥ E6(u0)−
1
λ1,D(L6)
‖L6u0‖L2(X).
In particular, we see that E6 is bounded below on Cf,φ,ψ. Note also that the second
equality in the above display implies that
(5.1)
d
dt
∣∣∣∣
t=0
E6(u0 + tv) = 2
∫
X
v L6u0.
In particular, critical points of E6 : Cf,φ,ψ → R are solutions of (1.5).
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Now, since (L6;B
5
0 , B
5
1 , B
5
2) satisfies the Lopatinskii–Shapiro conditions [2, 34,
37], we may use (5.1) to conclude that a minimizing solution converges to a solution
of (1.5). Finally, the assumption λ1,D(L6) > 0 implies that kerD L6 = {0}, and
hence this solution is unique. 
Combining this with our understanding of B5j on Poincare´–Einstein manifolds
yields the proof of Theorem 1.3.
Proof of Theorem 1.3. This is an immediate consequence of Theorem 4.2 and The-
orem 5.2. 
As discussed in the introduction, Theorem 5.2 can be combined with a sharp
norm inequality for the embedding W k,2(Mn) →֒ L
2n
n−2k (Mn) to obtained a sharp
norm inequality for the embedding (1.9). A conformally invariant sharp norm
inequality for this embedding is known on the round sphere [5, 33]. Thus this
approach bears fruit for any manifold with coronal boundary which is conformal to
the round sphere.
Proposition 5.3. Let (Xn+1, g), n ≥ 6, be a compact Riemannian manifold with
coronal boundary (Mn, h). Suppose that (Mn, h) is conformally equivalent to the
round n-sphere. Then
(5.2) E6(u) ≥
8
3
Cn,5/2‖f‖
2
2n
n−5
+ 8Cn,3/2‖φ‖
2
2n
n−3
+ 3Cn,1/2‖ψ‖
2
2n
n−1
for all u ∈ C∞(X), where f := B50(u), φ := B
5
1(u), ψ := B
5
2(u), the L
p-norms
on the right-hand side are taken with respect to the Riemannian volume element
dvolh, and Cn,γ is given by (1.10). Moreover, equality holds in (5.2) if and only if
L6u = 0 and there are real numbers a1, a2, a3 ∈ R and points
x1, x2, x3 ∈ B
n+1 :=
{
x ∈ Rn+1
∣∣ |x| < 1}
such that
f(x) = a1
(
(1 + x · x1)e
Υ(x)
)−n−5
2
,
φ(x) = a2
(
(1 + x · x2)e
Υ(x)
)−n−3
2
,
ψ(x) = a3
(
(1 + x · x3)e
Υ(x)
)−n−1
2
,
(5.3)
where Υ ∈ C∞(M) is such that e−2Υh is a round metric on Sn and Sn is regarded
as the boundary of Bn+1.
Proof. The sharp Sobolev inequality [5] states that for every γ ∈ (0, n/2) and every
w ∈ C∞(Sn), it holds that
(5.4)
∫
Sn
wP2γw ≥ Cn,γ
(∫
Sn
|w|
2n
n−2γ
)n−2γ
n
where Cn,γ is given by (1.10). Moreover, equality holds if and only if w(x) =
a(1 + x · x0)
−n−2γ
2 for some a ∈ R and x0 ∈ B
n+1.
Since (Mn, h) is conformal to the round n-sphere (Sn, dθ2), there is an Υ ∈
C∞(M) such that h = e2Υdθ2. By the conformal covariance of the fractional GJMS
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operators, P h2γw = e
−n+2γ
2
ΥP dθ
2
2γ
(
e
n−2γ
2
Υw
)
for all γ ∈ (0, n/2). Therefore (5.4)
implies that for all w ∈ C∞(M),
(5.5)
∮
M
wP2γw ≥ Cn,γ
(∮
M
|w|
2n
n−2γ
)n−2γ
n
with equality if and only if e
n−2γ
2
Υw(x) = a(1 + x · x0)
−n−2γ
2 for some a ∈ R and
x0 ∈ B
n+1. Combining (5.5) with Theorem 5.2 yields the desired conclusion. 
In the critical case dim ∂X = 5, the sharp Onofri inequality [5], which provides
a sharp norm inequality for the embedding W 5/2,2(S5) →֒ eL(S5), enables us to
extend Proposition 5.3 to the critical dimension. For simplicity, we assume in this
case that the boundary is isometric to the round five-sphere; one can also apply
conformal covariance to obtain a similar result when the boundary is only conformal
to the round five-sphere (cf. Corollary 1.7).
Proposition 5.4. Let (X6, g) be a compact Riemannian manifold with coronal
boundary (M5, h). Suppose that (M5, h) is isometric to the round five-sphere. Then
(5.6) E6(u) ≥ 3C5,1/2‖ψ‖
2
5/2 + 8C5,3/2‖φ‖
2
5 +
128
5
Vol(S5) ln
∮
M
e5(f−f¯) dµ
for all u ∈ C∞(X), where f := B50(u), φ := B
5
1(u), ψ := B
5
2(u), the last integral is
taken with respect to dµ := 1Vol(M) dvolh, the remaining integrals on the right-hand
side are taken with respect to the Riemannian volume element dvolh and f¯ is the
average of f with respect to dvolh, and Cn,γ is given by (1.10). Moreover, equality
holds in (5.6) if and only if L6u = 0 and there are real numbers a1, a2, a3 ∈ R and
points x1, x2, x3 ∈ B
6 such that
f(x) = a1 − ln(1 + x · x1),
φ(x) = a2 (1 + x · x2)
−1
,
ψ(x) = a3 (1 + x · x3)
−2
,
(5.7)
where S5 is regarded as the boundary of B6.
Proof. The sharp Onofri inequality [5] states that on the round n-sphere, it holds
that
(5.8)
∫
Sn
wPnw ≥
2(n− 1)!
n
Vol(Sn) ln
∫
Sn
en(w−w¯) dµ
for all w ∈ C∞(Sn), where w¯ = (
∫
w)/
∫
1) is the average of w, the integral on the
left-hand side and the volume are taken with respect to the Riemannian volume
element dvol on Sn, and dµ := 1Vol(Sn) dvol. Moreover, equality holds in (5.8) if
and only if w(x) = a− ln(1 + x · x0) for some a ∈ R and x0 ∈ B
6. Combining (5.4)
and (5.8) with Theorem 5.2 yields the desired conclusion. 
We now apply Proposition 5.3 and Proposition 5.4 to Euclidean upper half space,
the closed Euclidean ball, and the round hemisphere to obtain the explicit sharp
Sobolev inequalities from the Introduction. We begin with the noncritical cases.
Proof of Corollary 1.4. It is well-known that (Rn+1+ , dx
2+dy2) is a compactification
of the upper half-space model
(
R
n+1
+ , y
−2(dx2 + dy2)
)
of hyperbolic space, and as
such is conformally equivalent to the closed Euclidean ball Bn+1. Moreover, the
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metric dx2 on Rn := ∂Rn+1+ is conformally equivalent to the round metric on S
n
via dθ2 = (1 + |x|2)−2dx2. In particular, we may apply Proposition 5.3 to deduce
that (5.2) holds.
It remains to express E6 in the form of the conclusion of Corollary 1.4. To that
end, note that since (Rn+1+ , dx
2 + dy2) is flat, it holds that L6 = (−∆)
3. Moreover,
(Rn, dx2) is totally geodesic, and hence coronal and flat. We conclude that
B50(u) = u,
B51(u) = ηu,
B52(u) = ∆u−
4
3
∆u,
B53(u) = η∆u− 4∆ηu,
B54(u) = −∆
2u− 4∆∆u+ 8∆
2
u,
B55(u) = η∆
2u+
4
3
∆η∆u +
8
3
∆
2
ηu.
On the one hand, the fact that η = −∂y and ∇ηη = 0 implies that B
5
1 = −∂y and
B52 = ∂
2
y −
1
3∆. On the other hand, integration by parts yields
E6(u) =
∫
R
n+1
+
|∇∆u|2 +
∮
M
{
16u∆
2
ηu− 8(ηu)∆∆u
}
.
Combining this display with (5.2) and the formulas for f , φ, and ψ yields the final
conclusion. 
Proof of Corollary 1.5. It is clear that we may apply Proposition 5.3 to (Bn+1, dx2),
leaving us to only compute E6 in the form of the conclusion of Corollary 1.5. To
that end, note that since (Bn+1, dx2) is flat, it holds that L6 = (−∆)
3. Moreover,
∂Bn+1 is coronal with constant mean curvature H = n. It follows from Lemma 2.1
that P = 12g. Therefore
B50(u) = u,
B51(u) = ηu+
n− 5
2
u,
B52(u) = ∆u−
4
3
∆u− 4ηu+
(n− 3)(n− 5)
3
u,
B53(u) = η∆u− 4∆ηu+
n− 9
2
∆u− 2(n− 7)∆u+ (n2 − 2n+ 9)ηu+ 4
Γ
(
n+1
2
)
Γ
(
n−5
2
)u,
B54(u) = −∆
2u− 4∆∆u + 8∆
2
u+ 4η∆u+ 16∆ηu+ (n− 3)(n+ 3)∆u
− 4(n2 − 4n+ 1)∆u− 4(n− 3)(n+ 1)ηu+ 8
Γ
(
n+3
2
)
Γ
(
n−5
2
)u,
B55(u) = η∆
2u+
4
3
∆η∆u+
8
3
∆
2
ηu+
n− 5
2
∆2u+
2(n− 3)
3
∆∆u+
4(n− 1)
3
∆
2
u
−
(n− 5)(n+ 3)
3
η∆u −
4(n2 − 2n− 9)
3
∆ηu−
(n− 5)(n− 3)(n+ 3)
6
∆u
−
2(n− 1)(n2 − 2n− 9)
3
∆u+
(n− 5)(n− 3)(n+ 1)(n+ 3)
6
ηu+
8
3
Γ
(
n+5
2
)
Γ
(
n−5
2
)u.
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Using these expressions and integrating by parts yields
E6(u) =
∫
X
|∇∆u|2 +
∮
M
{
(∆u)A(u) + (ηu)B(u) + uC(u)
}
,
where
A(u) =
n− 9
2
∆u− 8∆ηu− 4(n− 7)∆u+ 2(n2 − 2n+ 9)ηu+ 8
Γ
(
n+1
2
)
Γ
(
n−5
2
)u,
B(u) = 32∆ηu − 8(n2 − 2n+ 3)ηu+ 16∆
2
u
− 8(n2 − 6n+ 15)∆u+ 8(n− 3)
Γ
(
n+1
2
)
Γ
(
n−5
2
)u,
C(u) = 8(n− 5)∆
2
u− 4(n− 3)(n2 − 6n+ 7)∆u+ 4(n− 1)(n− 3)
Γ
(
n+1
2
)
Γ
(
n−5
2
)u.
Rewriting this in terms of B50(u), B
5
1(u), and B
5
2(u) and combining it with (5.2)
yields the final conclusion. 
Proof of Corollary 1.6. It is clear that we may apply Proposition 5.3 to (Sn+1+ , dθ
2),
leaving us only to compute E6 in the form of the conclusion of Corollary 1.6. To
that end, note that since dθ2 is the round metric with Ric = n dθ2, it holds that
L6 =
(
−∆+
(n+ 1)(n− 1)
4
)(
−∆+
(n+ 3)(n− 3)
4
)(
−∆+
(n+ 5)(n− 5)
4
)
.
Moreover, ∂Sn+1+ is coronal with totally geodesic boundary. It follows from Lemma 2.1
that P = 12g. Therefore
B50(u) = u,
B51(u) = ηu,
B52(u) = ∆u−
4
3
∆u+
(n− 3)(n− 5)
12
u,
B53(u) := η∆u − 4∆ηu +
3n2 − 8n+ 13
4
ηu,
B54(u) := −∆
2u− 4∆∆u+ 8∆
2
u+
3n2 − 4n− 11
2
∆u− (3n+ 1)(n− 3)∆u
+
3(n+ 1)(n− 1)(n− 3)(n− 5)
16
u,
B55(u) = η∆
2u+
4
3
∆η∆u+
8
3
∆
2
ηu−
5n2 − 4n− 45
6
η∆u−
5n2 − 8n− 37
3
∆ηu
+
(n+ 3)(n+ 1)(15n2 − 100n+ 149)
48
ηu.
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Using these expressions and integrating by parts yields
E6(u) =
∫
X
{
|∇∆u|2 +
3n2 − 35
4
(∆u)2 +
3n4 − 70n2 + 259
16
|∇u|2 +
Γ
(
n+7
2
)
Γ
(
n−5
2
)u2}
+
∮
M
{(
−8∆ηu+
3n2 − 8n+ 13
2
ηu
)
∆u
+
(
16∆
2
u− 2(3n2 − 8n− 3)∆u+ 6
Γ
(
n+3
2
)
Γ
(
n−5
2
)u) ηu}.
Rewriting this in terms of B50(u), B
5
1(u), and B
5
2(u) and combining it with (5.2)
yields the final conclusion. 
We conclude with the critical cases.
Proof of Corollary 1.7. From the proof of Corollary 1.4, we see that the six-dimensional
upper half space is such that
E6(u) =
∫
R
6
+
|∇∆u|2 +
∮
∂R6
+
{
8〈∇ψ,∇φ〉 +
16
3
(∆φ)(∆f)
}
for all u ∈ C∞(R6+) ∩W
3,2(R6+), where f := B
5
0(u), φ := B
5
1(u), and ψ := B
5
2(u).
Using the identity dθ2 =
( 1+|x|2
2
)−2
dx2, we see that in Euclidean space, the Onofri
inequality (5.8) becomes∫
Rn
wPnw ≥
2(n− 1)!
n
Vol(Sn) ln
∫
Rn
en(w−w¯) dµ,
where w is the average of w with respect to dµ := 1Vol(Sn)
( 1+|x|2
2
)−n
dvoldx2 . More-
over, equality holds if and only if
w(x) = a− ln
(
ε+ |x− x0|
2
)
+ ln
(
1 + |x|2
)
for some a, ε ∈ R and some x0 ∈ R
n. The conclusion now follows from Proposi-
tion 5.4. 
Proof of Corollary 1.8. From the proof of Corollary 1.5, we see that the six-dimensional
closed Euclidean ball is such that
E6(u) =
∫
B6
|∇∆u|2 +
∮
∂B6
{
−2ψ2 + 8〈∇ψ,∇φ〉+ 32ψφ−
8
3
〈∇ψ,∇f〉
+ 16φ2 +
16
3
(∆φ)(∆f) +
16
3
〈∇φ,∇f〉+
64
9
(∆f)2 + 16|∇f |2
}
for all u ∈ C∞(B6), where f := B50(u), φ := B
5
1(u), and ψ := B
5
2(u). The
conclusion now follows from Proposition 5.4. 
Proof of Corollary 1.9. From the proof of Corollary 1.6, we see that the six-dimensional
upper hemisphere is such that
E6(u) =
∫
S6
+
{
|∇∆u|2 + 10(∆u)2 + 24|∇u|2
}
+
∮
∂S6
+
{
8〈∇ψ,∇φ〉+ 24ψφ+
16
3
(∆φ)(∆f) + 32〈∇f,∇φ〉
}
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for all u ∈ C∞(S6+), where f := B
5
0(u), φ := B
5
1(u), and ψ := B
5
2(u). The
conclusion now follows from Proposition 5.4. 
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